Prior methods for calculating energy release rate in cracked laminates were extended to account for heterogeneous laminates and residual stresses. The method is to partition the crack tip stresses into local bending moments and normal forces. A general equation is then given for the total energy release rate in terms of the crack-tip moments and forces and the temperature difference experienced by the laminate. The analysis method is illustrated by several example test geometries. The examples were verified by comparison to numerical calculations. The residual stress term in the total energy release rate equation was found to be essentially exact in all example calculations.
Introduction
Schapery and Davidson, 1 Hutchinson and Suo, 2 and Williams 3 derived general methods for calculating energy release rates in a variety of laminate specimens from the crack-tip values for bending moments, normal forces, and shear forces. 3 References [1] and [2] considered heterogeneous beams. Although Ref. [3] considered only homogeneous beams, it was noted that it is trivial to extend it to include any heterogeneous elastic arrangement of the layers. When heterogeneity is present including differential thermal expansion properties and the structure is subjected to a change in temperature, however, there will be residual stresses that are not included in prior analyses and may contribute to energy release rate. This paper extends the prior methods to a general method for calculating the role of residual stresses in fracture of cracked laminates subjected to a uniform change in temperature. 3 ) applied to each arm and axial forces (N 1 , N 2 , and N 3 ) on each arm resolved into point loads applied at arbitrary locations (n 1 , n 2 , and n 3 ). By force and moment balance, the resultants local to the small crack tip region of length δL are:
Energy Release Rate with Residual Stresses
(1)
The "layers" indicate the possibility of multiple layers within each arm of the general composite beam. Shear forces may be included (as discussed in Ref. [3] ), but are not included here because prior results on laminate residual stress effects suggest that shear corrections are not needed to analyze residual stress energy 
(0) Fig. 1 . A section of a general laminate or multilayered structure with a crack. The laminate is divided into three multilayered arms with total thicknesses h1, h2, and h3. Arms 1 and 2 are above and below the crack; arm 3 is the intact portion of the laminate. In the crack-tip region, the arms have applied moments, M
1 , M
2 , and M
3 , and normal forces. N1, N2, and N3. The normal forces are applied at positions n1, n2, and n3, above the bottoms of the arms.
release rates. 4 Each sublaminate (cracked arms 1 and 2 or intact beam 3) is treated as a beam having having curvature and axial strain given by
where C κ , are zero whenever an arm is either homogeneous or a symmetric laminate. They are non-zero only for non-symmetric, heterogeneous laminate arms.
The exact and general energy release rate for this composite of thickness B with residual stresses subjected only to traction loads, T 0 , is given by: 5,6
where u m and u r are displacements due to mechanical and residual stresses and σ r are the residual stresses. The first term is the strain energy due to mechanical loads and thus identical to prior analyses. 1−3 Including heterogeneous sublaminates, considering the small zone of length δL around the crack tip, and superposing energy due to moments and normal forces, the first term is
The M 2 i and N 2 i terms are analogous to mechanical terms in Refs. [1] [2] [3] . The cross-terms arise due to straincurvature coupling. These coupling terms are zero for homogeneous or symmetric sublaminates, but they are non-zero if the arms are non-symmetric and heterogeneous. The coupling terms are included in Ref. [1] , but they were omitted in Ref. [2] . They also were omitted in Ref. [3] because that analysis was limited to homogeneous beams where the coupling terms are zero.
The second term in Eq. (7) is virtual work between the mechanical tractions and the residual displacements:
For a single orthotropic sublaminate spanning x from x 0 to x 1 , the last term in Eq. (7) simplifies to
where σ r xx is residual stress in the x direction and α(y) is the position-dependent thermal expansion coefficient. The term involving σ r yy is zero after integration over x because of zero force in the y direction and the layered structure of the material. As derived in the appendix, the result for the third term can be written as
where
0 is the rule-of-mixtures modulus in sublaminate i and σ
is the variance of the modulus-weighted thermal expansion coefficient in sublaminate i (see definitions in the appendix).
Subsituting all terms into Eq. (7) and differentiating gives the general result for energy release rate in a cracked laminate with residual stresses:
When residual stresses are ignored, ∆T = 0, this result reduces to prior results . For homogeneous beams with modulus E and thermal expansion coefficient α (C
= 0), this result reduces to the results in Refs. [2] and [3] for total energy release rate. For heterogeneous beams, this result reduces to the results in Ref. [1] for total energy release rate. Equation (12) thus extends all prior results for residual stresses, which is the purpose of this paper.
Mode Partitioning
Willliams 3 partitioned applied moments into mode I and mode II moments, M I and M II , by considered the mode II part to be the moments required to get equal curvature in the two arms and the remaining moments to be mode I. The energy release rate was then partitioned into G = G I + G II where G I was due to M I , G II was due to M II , and there was no coupling between M I and M II . The same methods did not work here. First, in the absence of applied loads, there are no moments and forces to partition and the temperature is always uniform over the laminate. Second, the partitioning in Ref. [3] is not unique. There are an infinite number of ways to partition applied moments into M I and M II such that G partitions into decoupled G I and G II . Furthermore, the choice of equal curvature for the mode II component was found to disagree with finite element results. Schapery has pointed out that there is not enough information in beam analyses or plate analyses to decompose total energy release rate. There is an undetermined constant that has to be determined by other means. For example, Hutchinson and Suo 2 used numerical calculations to calibrate mode decomposition equations. Because no partitioning based on beam analyses is available, the results in this paper focused on total energy release rate. The only comments in this paper about mode partitioning are in reference to numerical calculations.
A.
B. Fig. 2 . A symmetric three-layered specimen with a crack at an arbitrary location in the middle layer. The surface layers have modulus, thermal expansion coefficient, and thickness of E1, α1, and t1; the middle layer has properties E2, α2, and t2. The ends of the arms are loaded with loads P1 and P2. A. When residual stresses cause the cracked arms to curve toward each other, there may be a contact load Pc at the ends of the arms. B. When residual stresses cause the cracked arms to separate, there will be no contact.
Examples
End-Loaded Adhesive Specimen Figure 2 shows a symmetric adhesive specimen with arbitrary loads on the two arms, a crack located at arbitrary position ξt 2 from the top interface (0 ≤ ξ ≤ 1), and crack propagation in a self-similar manner. Some key terms are
where λ = t 1 /t 2 and R = E 1 /E 2 (see the appendix for common calculations needed to two-and three-layer arms and far the definition of λ i ). The actual end loads, and therefore crack-tip moments, depend on whether or not there is contact between the two arms. The applied forces have to be adjusted to account for contact forces before calculating crack-tip moments. By integrating the arm curvature equations
κ ∆T ) and subtracting, the crack-opening-displacement can be derived to be
where ζ = x/a and x = 0 is at the ends of the arms while x = a is at the crack tip. If (α
κ )∆T < 0 (e.g., thermal expansion coefficient on the adhesive is higher than the adherend and the sample is cooled), the two arms will bend toward each other due to residual stresses (see Fig. 2A ). There will be either contact at the ends or the loads will be sufficient to separate the two arms. From δ(ζ), the arms will separate (δ(ζ) > 0 for 0 ≤ ζ < 1) when
resulting in zero contact force and
The energy release rate will be G = G a where
In contrast, when
the ends of the arms will just be in contact at ζ = 0 with zero contact force between the arms; δ(ζ) will remain positive over the remainder of the crack surface. If C
κ P 2 decreases, a contact force, P c , will develop and the net forces in the two arms will be P 1 + P c and P 2 − P c (see Fig. 2A ). The contact force can be determined from the requirement that δ(0) due to net forces remains zero or
which leads to
The net crack-tip moments become
The energy release rate is G = G b where
κ )∆T > 0 (e.g., thermal expansion coefficient on the adhesive is higher than the adherend and the sample is heated), the two arms will separate due to residual stresses (see Fig. 2B ). There will either be no contact or there will be surface overlap in the region near the crack tip. If
it can be shown that the arms separate (δ(ζ) > 0 for 0 ≤ ζ < 1). The net forces are P 1 and P 2 leading to the energy release rate in Eq. (18) . In contrast, if
there will be a region near the crack tip where δ(ζ) < 0. This contact will induce an indeterminate contact force region that changes in length as the load changes. The equations in this paper do not account for these contact stress and therefore this regime was not analyzed. Finally, the thermal energy release rate, or the energy release rate in the absence of mechanical loads (P 1 = P 2 = 0), is
when the arms separate (or when (α
when the arms are in contact (or when (α
κ )∆T < 0). The thermal energy release rates are independent of crack length.
Mode I Adhesive Specimen
A mode I style test applies equal but opposite loads to the arms ends or P 1 = −P 2 = P . This special case can be written down from the general results in the previous section. If (α
κ )∆T > 0 and P ≥ 2P * /3 then the arms will not be in contact and
κ )∆T < 0 and P < P * then the arms will contact at the arm ends and
κ )∆T > 0 and P < 2P * /3 then this analysis does not apply. In these equations
Note that G b is independent of applied load. Thus for (α
κ )∆T < 0, G will be constant for P < P * but will increase by Eq. (28) when P ≥ P * . Also note that P * is positive when (α
κ )∆T > 0. Thus, the only regime where the analysis does not apply is for negative loads (P < 2P * /3 < 0 because (α
, which is not a loading region ever explored during end-loading experiments on adhesive specimens.
For a crack at the midplane,
κ , and α
κ ; the energy release rates reduce to
4BC
(1) κ , and
The result for G a agrees with the results in Ref. [4] . The result for G b extends the prior result to be correct for loads less than P * . The loading is pure mode I when ξ = 1/2, but otherwise the asymmetry will result in mixed-mode loading.
For a crack at the lower interface, ξ = 1 and α (2) κ = 0; the energy release rates reduce to
These results are identical to the results in Ref. [7] . The general results are symmetric about ξ; thus the results at the upper interface are the same, but are calculated by exchanging superscripts (1) for (2).
Mode II Adhesive Specimen
A mode II style test applies a load to one arm and relies on contact to transmit the load to the second arm; thus P 1 = 0 and P 2 = P . This special case can be written down from the general results given above. If (α
κ )∆T > 0 and P ≤ 2P * /3 then the arms will not be in contact and
If (α
κ )∆T < 0 and P ≥ P * then the arms will contact at the arm ends and
κ )∆T > 0 and P > 2P * /3 then this analysis does not apply. In these equations
In the absence of mechanical loads (P = 0), the thermal energy release rate in the mode II style test is identical to the mode I style test, as expected.
For a crack at the midplane, ξ = 1/2, C
For the conditions that lead to G a , there will be no contact between the arms, which thwarts the intent of the test to load both arms. These loading conditions will differ significantly from pure mode II. The conditions that lead to G b will result in a contact force of
In the absence of residual stresses, the loads will partition into P/2 on each arm and the test will be pure mode II. When residual stresses are present, they will alter the load partitioning causing the specimen to deviate from pure mode II loading. Residual stresses add equal but opposite contact stresses thereby adding a mode I component.
For homogeneous beams, these results reduce to the mode II energy release rate 3 of
where 2h = 2t 1 + t 2 . This result applies with or without residual stresses. In other words, ∆T = 0 has no affect on energy release rate for a homogeneous beam. For ξ = 1/2, the results for the mode II style test are no longer symmetric about ξ = 1/2. Thus the energy release rate for a crack at the top interface (ξ = 0) will differ from the energy release rate for a crack at the bottom interface (ξ = 1). The results for any value of ξ are easily generated from the general results and are not repeated here.
Mode II Adhesive Specimen with Friction
In end-loaded flexure tests for mode II fracture (P 1 = 0 and P 2 = P ) of homogeneous beams, the load will partition into P/2 on each arm, the curvature of the two arms will be identical, and there will be contact along the entire crack surface. This contact raises the concern that frictional effects may influence the results. 8 When the beams are heterogeneous and there are residual stresses, most experimental conditions will still have contact, but the contact will only be at the loading point (see Fig. 3 ). There will still be friction, but analysis of point-contact friction is more straightforward than analysis of contact along the entire crack surface. This section presents an analysis for mode II loading in the presence of residual stresses and friction. By taking the limit as residual stresses go to zero, an equation can be derived for the case of contact along the entire crack surface. The analysis is given for a midplane crack (ξ = 1/2), but the approach could easily be extended to any crack location.
The arm forces and moments for mode II loading with friction are shown in Fig. 3 . A load P is applied to arm 2. Load is transferred to arm 1 by a contact load P c . In mode II loading, the arms will slide relative to each other inducing a frictional load that can be modeled as equal, but opposite, normal loads on arms 1 and 2 applied at the contact point. The loading conditions are thus given by
These loads, and therefore this analysis, assume frictional slip does occur. If there is no slip, N 1 and N 2 will be smaller and the effect on energy release rate will be smaller. The resulting moments on the arms are
The contact load P c is found by requiring zero crack-opening displacement at the load point. Because the forces and moments induced by friction affect the two arms equally, the contact analysis in the general adhesive specimen is still valid. For the midplane crack, P c is thus given in Eq. (41). Substituting into Eq. (12) , expanding the result in terms of a dimensionless frictional term µh/(2a), and using C
for a midplane crack, the straightforward, albeit tedious, process soon gives
where G 0 b is the energy release rate in the absence of friction given by Eq. (39). In the absence of residual stresses, the energy release rate is
Finally, for homogeneous beams (where D (1) = 0 and C
, the result is
These last two results are conditions where the arms have equal curvature and thus there may be contact along the entire crack surface. There were derived, however, as a limiting result of a point contact analysis. Fig. 3 . Mode II loading of the adhesive specimen given in Fig. 2 when the crack is at the midplane. Friction forces will lead to equal and opposite normal forces (N2 = −N1) at the loading points with n1 = 0 and n2 = h2 = h.
Adhesive Specimen Numerical Verification
In the absence of mechanical loads, the thermal energy release rates are given by Eq. (26) or Eq. (27) depending on whether or not there is contact at the arm ends. κ are given in the Appendix. The finite element analysis was done using JANFEA with 8-noded quadrilateral elements. 9 Energy release rates were found using standard crack closure methods. 10 Because bending deformations due to thermal stresses are quadratic the FEA analysis is very accurate even for crude meshes. The comparison shows that FEA and beam theory agree exactly; all results agreed to four or more significant figures. FEA results can partition total energy release rate into mode I and mode II. The thermal energy release rate is pure mode I when ξ = 0.5. The mode II content increases as ξ → 1.0 or ξ → 0.0, eventually becoming larger than the mode I content. The energy release rate is a maximum for an interfacial crack suggesting a thermally-induced crack might tend toward either interface. On the other hand, the mode I energy release rate is a maximum for a crack at ξ = 0.5. If the mode II toughness is higher than the mode I toughness, the crack might tend toward the middle of the adhesive.
When the ends of the arms are in contact, numerical verification requires a method that can deal with contact. Although FEA can handle contact with contact elements, here a new method called the material point method (MPM) was used which can handle contact without predefining contact surfaces. The development of MPM with explicit cracks is decribed in Refs. [11] and [12] . For these calculations, the previous contact algorithms 11,13 were improved to be based on crack opening displacement rather than nodal volume or stress.
A comparison of MPM to theoretical results for a mode I adhesive specimen with a mid-plane crack (ξ = 0.5) and with R = 10, λ = 3, t 1 = 9 mm, a = 50 mm, ∆α = −6.0 × 10 −5 C −1 , and ∆T = −200
• C is shown in Fig. 5 . The loads were normalized to P * and the energy release rate was normalized by dividing by E 1 t 1 ∆α 2 ∆T 2 . The theoretical results and P * are in Eq. (31). Below P * , the energy release rate was constant and agreed precisely with G b . Above P * , the energy release rate increased but the numerical results were larger than G a in Eq. (31). This discrepancy, however, was not due to an error in the thermal energy release rates calculated here, but rather due to well-known, crack-tip rotation effects that are a consequence of shear deformation and the mechanical loads. 14 Hence, Eq. (31) is nearly exact below P * where deformation is independent of mechanical loads, but is in error above P * where shear corrections are needed. Prior work on adhesive double cantilever beam specimens 15, 16 showed that beam theory can be corrected by replacing 
For these numerical calculations, χh 1 /a = 0.19 which is a rather large correction due to the small aspect ratio of the arms of the analyzed specimens (a/h 1 = 4.17). The MPM results and corrected beam theory results agree well (see Fig. 5 ). Notice that corrected beam theory causes the critical load for loss of contact to be reduced to 0.84P * . When the corrected contact load at low loads is substituted into the energy release rate expression, the correction factors cancel out and thus the energy release rate below the corrected P * is constant and equal to G b without need for any correction factor.
A comparison of MPM to theoretical results for a mode II adhesive specimen (the same geometry as for the mode I calculations) is shown in Fig. 6 . The loads were normalized to |P * | and the energy release rate was normalized by dividing by E 1 t 1 ∆α 2 ∆T 2 . The theoretical results and P * are in Eqs. (39) and (40). Compared to mode I, P * for mode II is negative and doubled in magnitude. Since all positive, applied loads are greater then P * , the arms are always in contact. These first calculations assumed frictionless contact. When P = 0 and energy release rate is due to residual stresses alone, the results agreed precisely with G b . As load increased, the numerical results are close to, but higher than theoretical results. As in mode I results, the differences were attributed to shear deformation effects in the mechanical terms. 14 The mechanical terms can again be corrected by replacing a by a ef f . Here the effective crack length was determined numerically by comparison of MPM results to beam theory. For this specific specimen, a ef f = 1.048a. The numerically corrected beam theory fits MPM results well. There is slightly more variation in mode II MPM results than in mode I MPM results, which might be a consequence of the numerical difficulty of dealing with contact problems.
The contact methods in MPM can also model frictional contact. 11,13 A comparison of MPM to theoretical results for the mode II specimen described above but with fixed P = 0.7|P * | and variable friction is in Fig. 7 . The plot has the change in energy release rate or G b − G for all friction conditions provided a/h > 10. Otherwise the quadratic term can be included for greater accuracy.
Single Leg Bend Test for Interfacial Fracture
A particularly simple example, because the two arms are homogeneous and residual stresses do not cause contact (at least in beam theory approximations), is interface fracture in the single-leg bending specimen 17 as illustrated in Fig. 8 . For this specimen, α
For a crack of length a < L, M 1 = M 3 = P a/2 and M 2 = N i = 0. Substitution into Eq. (12) gives
In the absence of residual stresses, this result reduces to the results in Ref. [17] that ignored residual stresses. In the absence of mechanical loads and substituting the two-layer results in the appendix for α
κ and C (3) κ , the energy release rate for spontaneous adhesive failure is G = 1 2
This result is independent of crack length and specimen size. It is thus the appropriate equation to predict spontaneous adhesive failure of any two layer composite. If the interfacial toughness, G c , is less then G, then the adhesive bond will fail due to residual stresses alone. For example, recent experiments on PE/steel bonds had some results that delaminated after aging. The delamination occurred because aging caused the interfacial toughness to drop such that G c < G. 18 For numerical verification of this thermal-load-only result, Fig. 9 plots normalized energy release rate (or G/(E t t 1 ∆α 2 ∆T 2 )) as a function of modulus ratio R for various values of λ. There is an unusual affect of λ on the R-dependence of energy release rate, but again, beam theory analysis in Eq. (51) gives essentially exact results for energy release rate due to residual stresses alone. 
Skin-Core Interfacial Fracture in Sandwich Laminates
A three point bending specimen with an initial crack between the skin and the core of a skin-core, sandwich composite has been used to study skin-core adhesion 19 (see Fig. 10 ). Skin-core composites are often made by curing the skins and then gluing them to the core. A full analysis thus requires the five layers shown in Fig. 10 -two skin layers with modulus, thermal expansion coefficient and thickness of E s , α s , and t s , a core layer with E c , α c , and t c , and two adhesive layers with E a , α a , and t a . All layers are assumed here to be homogeneous, or if the skins are laminae, they are assumed to be symmetric laminae where E s and α s are the axial properties of the skins. It would be easy to account for unsymmetric laminate skins by including the layers of the skin laminae as separate layers in the analysis. The adhesive layer is shown with dotted lines because common core materials are porous (e.g., honeycomb, foam, or wood). When the core is porous, t a is the depth of penetration of the adhesive into the core and E a and α a are the effective properties of the adhesive/core composite that results near the interface. Figure 10 shows a specimen with a crack between the top skin (arm 1) and remainder of the structure (four-layers with adhesive/core/adhesive/lower skin as arm 2). If the crack diverts to the adhesive/core interface, then the top skin plus adhesive would be arm 1 while the remaining three layers (core/adhesive/lower skin) would be arm 2. At this point, the only difference between a crack below the skin and a crack between the adhesive and the core is that α is included in the analysis. Figure 10 shows arm 2 bending toward arm 1, which implies (α
When contact occurs, there will be a positive contact force P c on arm 1 and compensating force −P c on arm 2 located at the contact position of x = b. Assuming the crack is to the left of the center load (a < L/2), the moment-curvature relations on the two arms for x > b where the load point is at x = 0 are:
Integrating to find displacement, the contact force required to obtain zero crack opening displacement at x = b is found to be
There are thus two regimes. When the load is low, there will be contact at x = b and P c will be positive. The contact regime ends when the applied load causes separation which occurs when P c in Eq. (53) drops to zero. In other words Contact Regime :
Negative P is not considered because three-point bending is limited to positive P . Furthermore, if (α
κ )∆T > 0, the contact regime is absent and all loads result in separation.
In the contact regime
In the separation regime
which leads to Fig. 8 . A single-leg bending test specimen with an interfacial crack. The two layers have moduli, thermal expansion coefficients, and thicknesses of E1, α1, and t1 or E2, α2, and t2. The specimen is loaded in three-point bending. 
When (α
κ )∆T > 0, the contact region is absent and G will be given by G sep for all P ≥ 0. Further simplification (such as for the σ When the crack is between the top skin and the adhesive (denoted as sa), α (53) into Eq. (57) and using Eq. (95) in the appendix, the final result is
where R a = E a t a /(E s t s ), R c = E c t c /(E s t s ), and ∆α ij = α i −α j . In the separation regime, the skin/adhesive crack result reduces to Fig. 10 . A three-point bending specimen used to study adhesion between the skin and the core of a sandwich composite structure. The skin, adhesive layer, and core have moduli, thermal expansion coefficients, and thicknesses of Es, αs, and ts, Ea, αa, and ta, or Ec, αc, and tc, respectively. This figure shows a crack between the skin and the adhesive. In some tests, the crack diverts to the interface between the adhesive and the core.
If the crack diverts to the adhesive/core interface (denoted as ac), α 
In the separation regime, the adhesive/core crack result reduces to
For numerical verification of the non-contact, thermal-load-only results, an analysis was done for a composite sandwich construction. The skins had typical laminate properties of E s = 70 GPa, ν s = 0.25, α s = 2 × 10 −6 C −1 , and t s = 1 mm. The adhesive had typical properties of E a = 3.5 GPa, ν a = 0.3, α a = 100 × 10 −6 C −1 , and t a = 0.6667 mm. The thicker core had ν c = 0.2, α c = 40 × 10 −6 C −1 , and t c = 20 mm. The modulus of the core was varied from E c = 3.5 MPa to E c = 3.5 GPa such that R c varied from 0.001 to 1. The specimen thickness was B = 1 mm (although thermal energy release rate is independent of B) and temperature was ∆T = 200
• C. The results for (unnormalized) energy release rate as a function of R c for both a skin/adhesive crack and an adhesive/core crack are in Fig. 11 . The finite element results (symbols) agree nearly exactly with Eqs. (61) and (63). The energy release rate for the adhesive/core crack is lower than for the skin/adhesive crack. The skin/adhesive crack was close to pure mode II. The adhesive/core crack had much more mode I component Recent experiments looked at the affect of residual stresses on failure of sandwich/core composites with carbon-fiber/bismaleimide (BMI) skins combined with either aluminum honeycomb or carbon foam as the core. 20 The hypothesis was that because carbon foam has a lower thermal expansion coefficient than aluminum honeycomb, the better match to the composite skins might provide advantages in high-temperature applications. The experiments used the geometry in Fig. 10 . The aluminum honeycomb specimens failed at the skin/adhesive interface and were analyzed using Eq. (61). Calculations showed that the energy release rate due to thermal stresses was larger than the energy release rate due to mechanical loads at failure. Thus residual stresses play an important role in the failure of aluminum honeycomb sandwich composites. In contrast, the carbon foam specimens failed at the adhesive/core interface and thus were analyzed using Eq. (63). Calculations showed that the better match in thermal expansion coefficient did eliminate residual stress effects in the carbon foam specimens. Unfortunately, the inherent toughness of the carbon foam is low and thus performance of the carbon foam specimens was worse than the aluminum honeycomb specimens at all temperatures. It was also observed that differential shrinkage between the adhesive that penetrates into the foam caused cracks in the foam. These cracks caused the adhesive-core interface crack to have lower toughness than pure carbon foam.
Longitudinal Splitting
When highly anisotropic materials, such as wood or unidirectional composites, are loaded in tension parallel to the fibers or bending transverse to the fibers (see Fig. 12 ), failure is by longitudinal splitting rather than by self-similar crack growth. 21−23 Similarly, a multilayered specimen with a crack at the interface between two layers may fail by splitting if the interface toughness is lower than the layer toughness. This section considers longitudinal splitting in a three-layered specimen with a crack at the interface and ignores contact which applies whenever α (1) κ ∆T > 0. For the tension specimen where arm 1 is the intact core and opposite face, arm 2 is the face layer that has split off, and arm 3 is the entire specimen:
, and
For a symmetric three-layer beam with a crack at the interface
The energy release rate for tensile loading is thus A. B.
2L 2a 2a
Fig . 12 . Longitudinal splitting at the interface between a surface layer and the central layer in symmetric three-layer specimens loading either in A. tension or B. three point bending. The surface and central layers have moduli, thermal expansion coefficients, and thicknesses of E1, α1, and t1 or E2, α2, and t2. The total split length is 2a. The span in the bending geometry is 2L.
+ ∆T
As expected, the ∆T 2 term is identical to the non-contact, end-loaded adhesive specimen result in Eq. (26) for the special case of ξ = 1 and α (2) κ = 0. Note that G T is independent of split length a. For the bending specimen
The energy release rate for bending is thus
Of course the ∆T 2 terms are identical for tension and bending. The total energy release rate for bending, however, now depends on the split length a.
In absence of residual stresses and following Williams, 3 the energy release rates can be cast in fracture mechanics forms as
where tensile stress, σ T , and tensile calibration function, Y 2 T , are
The local bending stress, 3 σ B , and the bending calibration function, Y 2 B , are
The normalizing modulus was choose to be axial modulus of the structure or
For homogeneous beams, these calibration functions reduce to
These results agree with the Williams results (i.e.,
IIT from Ref. [3] , and Y (71)) in the absence of residual stresses. The results are for R = E 1 /E 2 ≥ 1 or for a stiffer coating on a compliant core. Under bending loading, the energy release rate increases with R make coating failure by splitting more likely. For tensile loading, the energy release rate decreases with R for thin coatings, but increases for thicker coatings. In fact the energy release rate becomes negative for very thin coatings suggesting that thin, stiff layers will not split from cracks at an interface with a compliant layer due to mechanical energy release rate alone. Thermal stresses, however, will contribute positive energy release rate that may cause splitting. The plot stops at t 1 /W = 0.5 because that is the limit of t 1 for a three-layer system. The results for t 1 /W = 0.5 are independent of R because layer 2 is absent and thus the specimen becomes homogeneous.
Conclusions
Equation (12) is a general energy release rate result for a large number of two-dimensional fracture problems in cracked laminates or cracked multi-layered structures. It extends prior energy release rate analyses 1−3 to account for heterogeneous structures and to account for residual stresses. The total energy release rate including residual stresses can be found simply by analyzing any specific structure and resolving crack-tip normal forces and bending moments. The issue of partitioning total energy release rate into mode I and mode II components was not analyzed and may require numerical methods. 1 All numerical results show that the thermal-stress part of the energy release rate in this analysis is essentially exact. The energy release rate component due to mechanical loads may require correction for shear-deformation effects; methods for that task are been described by others (e.g., Ref. [14] ). where κ > 0 corresponds to curvature upward, y = 0 is the midplane of the sublaminate, and positive y is directed up. The axial stress in each layer, including residual stresses, is
where E(y) and α(y) are the position-dependent modulus and thermal expansion coefficient in the x direction. Integrating these stresses, the total axial force, N , and bending moment, M , can be written as
where 
Here E j , α j , t j , andȳ j are the x-direction modulus, x-direction thermal expansion coefficient, thickness, and midpoint of layer j in sublaminate i with n i layers. Inverting these equations leads to effective properties for sublaminate i and equations for curvature and strain: 
where BhE and α E = S (i) n3
For a layered sublaminate, the variance term can be written as 
where ∆α jk = α j − α k . Several examples in this paper considered symmetric specimens with two materials having moduli E 1 and E 2 in the ratio R = E 1 /E 2 with central layer having thickness t 2 and two outer layers having thickness t 1 . When the crack runs at some location in the central layer, arms 1 and 2 will have two layers and will have thicknesses h i = t 1 (1 + λ i )/λ i where λ i is the ratio of t 1 to the amount of layer 2 in that arm. When layer 1 is on the top, the sums are: κ . The intact part of the three-layer specimen specimen will be a symmetric three layer composite with the following non-zero sums 
